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Abstract. Synthetic populations—microsimulation models, statistically matched synthetic respondents, and, increasingly,
populations of large-language-model personas—are now used to predict real-world quantitative data: survey toplines,
poll margins, choice shares, and experimental treatment effects. Yet the practice lacks a shared statistical account of
what such predictions estimate, how they should be scored, and when they can succeed. We give one. A population is
formalized as a probability measure over latent individuals; each individual is a family of parametric per-question response
kernels tied together by a low-dimensional latent trait; and a survey observes only finite, noisy mixtures (marginals) of
those kernels. Building a synthetic population is then the ill-posed inverse problem of recovering a measure over latents
from its projections. Within this framework we derive four operational results. First, calibration is a marginal-matching
minimum-distance estimator, with the choice of divergence and weights made explicit. Second, evaluation admits an
exact finite-sample semantics: even a perfect synthetic engine exhibits a computable sampling floor, and a skill statistic
anchored between that floor and a zero-information reference upgrades, via a simulated null band, to a goodness-of-fit
test of indistinguishability from perfection. Third, calibrating one population to many instruments should be posed as a
constrained program whose infeasibility is a misspecification alarm rather than a numerical nuisance. Fourth, all prediction
error decomposes into exactly two sources —population composition and response mechanism—which require different
corrections. Identifiability analysis shows regularization is mandatory, and two Monte-Carlo-verified worked examples

instantiate the floor, the skill test, and the failure of marginals to identify the mixing measure.

1 Introduction

Quantitative social measurement has always rested on a costly
primitive: ask real people real questions. A growing family of
synthetic methods proposes to relax that constraint. Microsim-
ulation and population synthesis reconstruct populations from
census margins; statistical matching and raking reweight exist-
ing samples toward new targets; and, most recently, popula-
tions of large-language-model (LLM) personas are prompted
to stand in for human respondents altogether (Argyle et al.,
2023; Dillion et al., 2023; Filippas et al., 2024). The ambi-
tion of these methods is no longer descriptive convenience
but genuine prediction of real-world quantitative data: survey
toplines, poll margins, product choice shares, and experimen-
tal treatment effects. The ambition is increasingly credible.
In a large-scale evaluation across 70 preregistered survey ex-
periments, treatment effects inferred from LLM-simulated
samples correlated with the actual effects about as strongly
as pooled human forecasts, and the correlation persisted for
studies published after the model’s training cutoff (Ashokku-
mar et al., 2026). At the same time, the same evaluation found
that predictions systematically overestimated effect sizes, and
other audits report brittle failures of synthetic respondents on
exactly the subpopulation structure that matters for inference
(Bisbee et al., 2024).

This mixed picture—strong headline correlation, systematic
distributional bias—is precisely what one should expect from
a method whose statistical foundations have not been stated.
Correlation with held-out outcomes is evidence that a synthetic
population carries signal; it is silent on the questions a survey
statistician would ask first. What population parameter is

the synthetic engine estimating? Against what benchmark
should its error be judged, given that a finite run of a perfect
engine still misses any finite target? When one engine must
reproduce many surveys at once, what does it mean that no
configuration satisfies all of them? And when a prediction is
wrong, is the fault in who the synthetic individuals are, or in
how they answer? The literature on LLM simulation currently
answers these questions ad hoc, study by study; the older
literatures that could answer them in general—item response
theory, mixture models, survey statistics, and the theory of
ill-posed inverse problems—have not been assembled around
the synthetic-prediction task.

This paper assembles them. We develop a statistical formal-
ism in which the synthetic-population enterprise can be stated,
evaluated, and criticized with standard tools. The picture in
one paragraph is as follows. There is a real target population
we can never see in full; a survey is a finite sample from it.
Each person is not a fixed answer but a bundle of response
distributions—one per question—tied together by a latent in-
ternal state. What a survey reports is therefore not “the answer
of the population” but a mixture: the average of individual
response distributions over whoever happens to be in the pop-
ulation. Building a synthetic population means constructing a
distribution over latent individuals, plus their response mecha-
nisms, whose induced mixtures reproduce what surveys saw
and forecast what they will see. The catch that defines the
whole problem is that we observe only marginals, and only
noisy finite-sample estimates of them; and marginals do not
pin down a population. Synthetic prediction is an ill-posed
inverse problem: recovering a measure over latents from its



projections.

Contributions. Within this framework we obtain four oper-
ational results.

1. A formalism for the task (Sections 2 to 4). Populations
are probability measures over latent states; individuals
are families of parametric response kernels sharing a low-
dimensional trait; observables are mixtures. The construc-
tion is the natural meeting point of item response theory
(Lord and Novick, 1968; Reckase, 2009) and de Finetti’s
representation of exchangeable populations (de Finetti,
1937).

2. Calibration as marginal matching (Section 5). Fitting
a synthetic population is a minimum-distance / gener-
alized method of moments estimator (Wolfowitz, 1957;
Hansen, 1982), which makes the choice of divergence and
of weights a substantive modeling decision rather than an
implementation detail.

3. Finite-sample evaluation (Section 6). A finite synthetic
run of a perfect engine still shows computable, nonzero
divergence from any finite target: the sampling floor. We
derive the floor in closed form, correct it for noise in the
target itself, define a skill statistic anchored between the
floor and a zero-information reference, and upgrade it to a
hypothesis test of “indistinguishable from perfect” via a
simulated null band.

4. Multi-instrument calibration, identifiability, and er-
ror anatomy (Sections 7 to 9). Calibrating one popula-
tion to many surveys should be posed as a constrained
program whose infeasibility is a misspecification alarm;
marginals identify neither the joint nor the mixing mea-
sure, so regularization is mandatory; and all prediction
error decomposes into population composition versus re-
sponse mechanism—two sources requiring different cor-
rections.

Two worked examples (Section 10), verified against 2 x 10°-
replicate Monte Carlo, instantiate the floor, the skill test, and
the failure of low-order observables to identify the mixing
measure.

Throughout we distinguish calibration—agreement with
the marginals the engine was fitted to—from prediction—
agreement with instruments held out of the fit. The distinction
matters because the inverse problem is ill-posed: many syn-
thetic populations match any finite set of marginals, and they
disagree on everything else. Credit accrues only on held-out in-
struments, and Section 7 makes that requirement formal. Our
diagnostic machinery also speaks directly to current empirical
findings: the effect-size overestimation of Ashokkumar et al.
(2026) is, in the vocabulary of Section 9, a between-condition
contrast inflated by either over-dispersed composition or mis-
calibrated response channels, and the decomposition tells the
two apart.

Related work. The ingredients are classical even where the
application is new. The latent-trait response model is multi-
dimensional item response theory (Rasch, 1960; Birnbaum,

1968; Lord and Novick, 1968; Reckase, 2009), with condi-
tional independence as the local-independence axiom of latent-
structure analysis (Lazarsfeld and Henry, 1968). Population-
level observables as mixtures go back to de Finetti (de Finetti,
1937); identifiability of the mixing measure is the theory of
Teicher (1963), Lindsay (1995), and, for conditionally indepen-
dent items, Kruskal (1977) and Allman et al. (2009). Marginal
matching is minimum-distance estimation (Wolfowitz, 1957;
Newey and McFadden, 1994) and GMM (Hansen, 1982). In
applied population synthesis the same reconstruction is per-
formed by iterative proportional fitting (Deming and Stephan,
1940) and multilevel regression with poststratification (Gel-
man and Little, 1997; Park et al., 2004). Our evaluation ma-
chinery draws on goodness-of-fit theory (Read and Cressie,
1988), and our treatment of inter-survey disagreement on dif-
ferential item functioning (Holland and Wainer, 1993) and
house-effect pooling (Jackman, 2005). What is new here is
not any single ingredient but the assembly: a single formal
frame in which LLM-persona engines, microsimulators, and
classical reweighting are instances of one estimation problem
with one evaluation theory.

Roadmap. Section 2 states the problem. Sections 3 and 4
build the generative model and its observable. Section 5 de-
fines the estimator, Section 6 its finite-sample evaluation, Sec-
tion 7 the multi-instrument program. Section 8 develops identi-
fiability and regularization, Section 9 the error decomposition,
Section 10 the worked examples. Section 11 concludes with
practice recommendations and limitations.

2 Problem Setup: Populations, Obser-
vations, and the Prediction Task

Let Q be the space of individual latent states—everything
about a person that governs how they answer anything: dispo-
sitions, demographics, context. The real target population is a
probability measure

P'e 2(Q), w~FP".

We call P* the super-population to emphasize that it is the
generator of respondents, not any particular roster of them.
A survey is a finite i.i.d. draw @y,...,®, ~ P*, giving the
empirical measure B, = % Y.; 0w;. Crucially, we never observe
@; directly—only answers to questions, through the response
mechanism of Section 3.

The i.i.d. idealization is rarely exact for real surveys, which
use stratification, clustering, and unequal selection probabili-
ties, and are subject to nonresponse (Cochran, 1977). Under a
complex design the effective sample size negr = n/deff (with
deff the design effect) replaces n throughout, so the n~1/2 sam-
pling floor of Sections 4 and 6 should be read with ngr, and
design or calibration weights enter the empirical marginals as
pi(c) = Liwil[r;j = c]/L;wi. Nothing else in the develop-
ment changes, and we suppress the distinction below.

The prediction task. A synthetic population is a constructed
distribution over latent individuals together with modeled re-



sponse mechanisms—whether realized by a microsimulator,
a reweighted donor sample, or a pool of LLM personas. The
task this paper formalizes is:

construct a synthetic population whose induced ob-
servables (i) match the finite, noisy data that real
surveys have already reported (calibration) and (ii)
forecast the quantitative results of instruments not
used in the fit (prediction).

The remainder of the paper gives the three components this
statement needs: a generative model of individuals making
“induced observables” precise (Sections 3 and 4); an estimator
making “match” precise (Section 5); and a finite-sample evalu-
ation theory making “forecast” scorable against an achievable
benchmark (Sections 6 and 7).

3 A Generative Model of Individuals

The setup of Section 2 left one object undefined: the mecha-
nism that turns an unobservable latent state ® into the answers
a survey actually records. This section supplies it in two
steps. First we model a single individual’s response behav-
ior, question by question, as a family of stochastic channels;
then we impose the structure that ties those channels together
across questions—a shared low-dimensional latent trait. The
two steps are deliberately separated because they carry dif-
ferent commitments: the first is close to unavoidable, while
the second is the substantive modeling assumption on which
identifiability (Section 8) and multi-instrument diagnostics
(Section 7) will later hinge.

3.1 Anindividual is a family of parametric re-
sponse laws

A question j (with answer set ) is a stochastic measure-
ment channel: a Markov kernel

Rj|CO ~ K](|(O)€<@(%) (D)

The same person is not deterministic—asked repeatedly they
scatter (mood, framing, genuine ambivalence). Concretely
each k; is parametric, its parameters a function of the latent
state:

Fi(-inj()),
Categorlcal (71: () nominal
Fj = { OrderedProbit(n;(®), ;) ordinal/Likert
N (o), 0'1.2) scale.

So an individual is the whole collection {;(- | a))}j= |—a per-
question parametric distribution, not a vector of answers. This
distinction is not pedantic: it is where within-individual re-
sponse variance lives, and Section 9 shows that collapsing it (a
deterministic engine) distorts exactly the population quantities
a synthetic method is built to recover.

3.2 What ties the questions together: a latent
trait

The natural parameters share a low-dimensional latent cause
0(w) € RY (the “axes” or traits), e.g.

nj(w)=aj 6(®)—b;. 2)

Assumption 3.1 (Local independence). Conditional on the
latent trait, answers to distinct questions are independent:

Ry,...,R; 1L given 6(w).

This is item response theory embedded in a mixture (de
Finetti) model: all cross-question correlation flows through
the latent state. Two questions look correlated in the popu-
lation only because the same 6 drives both. The linear form
(2) is the multidimensional two-parameter normal-ogive / lo-
gistic model, with a; the discriminations (loadings) and b;
the difficulty; the unidimensional binary case is Rasch (Rasch,
1960) and Birnbaum (Birnbaum, 1968), with foundations in
Lord and Novick (1968) and the multidimensional theory in
Reckase (2009). Assumption 3.1 is precisely the “local inde-
pendence” axiom of latent-structure analysis (Lazarsfeld and
Henry, 1968). And the model class is not merely convenient:
de Finetti’s theorem (de Finetti, 1937) says a population of
exchangeable respondents must be representable as a mixture
of conditionally independent response laws—the latent trait
is the de Finetti mixing variable. What is a modeling choice
is the dimension d and the parametric form of the channels;
what is not optional is the mixture structure itself.

Assumption 3.1 does real work throughout: it makes the
population joint factorize inside the mixture integral (Sec-
tion 4), it is the structure under which enough items identify
the mixing measure (Section 8), and its failure is one of the
named culprits when multi-instrument calibration turns infea-
sible (Section 7).

4 The Population Observable as a Mix-
ture

A survey does not report Kj; it reports the marginal, the
response law integrated over the population:

Pi(©) = Eour[x(c| )] = [ xi(c|@)aP"(0). &)

and, under Assumption 3.1, the full population joint is likewise
a mixture,

i) = [ Iyl @)ar(@. @

Equation (3) is the object a synthetic population must repro-
duce, and (4) is the object it would need to reproduce to be
trusted on new cross-question claims. The gap between the
two is the identifiability problem of Section 8.

From n respondents we get only the noisy empirical
marginal

pile) =i Y Hlrj=c.  pi=pj+0n"'?). ()



That n~'/2 is an irreducible floor: even a perfect model can-
not match p; better than a fresh real sample of the same size
would. Section 6 turns this remark into an exact, testable
Statement.

S Synthetic Prediction as Marginal
Matching

Posit a model class {Qg} C £(Q) for the population and
(optionally) modeled channels k;. A synthetic population is a
draw @y, ..., @y ~ Qg with answers I:’l-j ~ &j(- | @), inducing
the synthetic marginal

4/(8) = [ & |0)dQs(w) ©)

For an LLM-persona engine, Qg is the (implicit) distribution
over personas induced by the prompting scheme and K; the
model’s response distribution for a persona; for a microsim-
ulator both objects are explicit. The formalism does not care
which.

The estimand is the 6 that makes the induced observables
agree with the real ones:

0* :argngn ZWjDJ(CIj(G)aﬁj) Q)
J

a moment/marginal-matching estimator, with D; a distri-
butional divergence. Formally (7) is a minimum-distance /
M-estimator (Wolfowitz, 1957; Newey and McFadden, 1994);
when D; is a quadratic form in the marginal residuals it is
exactly the generalized method of moments (Hansen, 1982),
the moment conditions being E[W(R;; =c)] —¢;(c;0) =0
Two design choices in (7) are substantive, not clerical.

The weights. The w; are not free parameters: the efficient
(minimum-variance) choice is the inverse of the covariance of
the moment residuals, which for a multinomial cell is w, o<
1/(gc(1 —qc)). Uniform weights silently over-weight high-
entropy questions.

The divergence. Total variation and the power-divergence
family (Pearson X2, likelihood-ratio, Freeman—Tukey) (Read
and Cressie, 1988) treat ¢ as unordered and so ignore the
metric structure of ordinal and scale questions. For the or-
dered channels of Section 3, a transport metric such as the
1-Wasserstein distance (Villani, 2009)—or a kernel MMD
(Gretton et al., 2012)—respects inter-category distance and is
usually the honest choice: predicting “4” when the truth is “5”
should cost less than predicting “1”.

The synthetic sample is thus a sample from Qg, itself an
approximation of a sample from P*:

BY" — Qg = P* «— preal,

Calibration is not prediction. Minimizing (7) certifies
agreement only with the marginals in the fit. Because the
inverse problem is ill-posed (Section 8), many 6 achieve

near-identical calibration losses while disagreeing on unfit-
ted quantities. A synthetic engine therefore earns predictive
credit only on held-out instruments—surveys, questions, or
experimental contrasts excluded from (7)—evaluated against
the finite-sample benchmarks of Section 6, and jointly across
instruments as in Section 7.

6 Finite-Sample Semantics and Evalu-
ation

The estimand ¢;(0) in (6) is an infegral—an infinite-
population object we never possess. A run produces a finite
sample of N cases, and the quantity we actually compute is
random. Making this explicit is what turns the fit into a gen-
uine sampling statement, and what furnishes an achievable
benchmark for prediction.

6.1 Probability space of a run

Fix 0 and a question j. A run draws, independently for i =
1,...,N, alatent @ ~ Qp and an answer R;; ~ &;(- | @). The
pairs ((I)i,I?ij) are i.i.d., so marginally the answers are i.i.d.

iid

from the mixture: Ry j,...,Ry; ~ q;(6). The estimator is the

empirical measure

®
N qA;.V ~ Multinomial (N, ¢;(6)),

with ]E[(}jv] =¢;(0) and Var[cij-v(c)] =¢q.(1—g.)/N. The pop-
ulation marginal ¢;(0) is deterministic; @;V is what we see.

Two samplings. The target is itself an estimate: the re-
ported topline p7 comes from n real respondents, p7 =
pi+0,(n"17?) by (5). What we compute is D; (q] DY) —
random in both N and n.

6.2 The sampling floor is a null expectation

Even a perfect model (Hy: q;(6) = p;j) shows nonzero di-
vergence, because c}f’ jitters. Its expectation under Hy is the
floor.

Proposition 6.1 (Sampling floor, total variation). Under
Hy: q;(0) = pj, using the multinomial CLT /N (" (c) —
pe) = N (0,pc(1—pc)) and the folded-normal mean E|Z| =
6+/2/x (Leone et al., 1961),

2 LE[GY ()~ pd
ﬁ )
~ 3 Z T : dfioor, o

and, comparing two independent multinomials of sizes N and
n from a common p, the two-sample floor is

Exy[Drvb( q] pj)] =

(10)



The ordinal and scale floors are the same statement on
the CDF increments (VarF'(c) = F.(1 — F.)/N) and on the
standardized standard error of the mean (c/ VN over o). So
dfioor is not an arbitrary anchor—it is Eg,[D;], the residual
divergence a flawless model of run-size N would still exhibit.
The folded-normal step treats the cell counts as marginally
normal and drops the (negative) inter-cell covariance of the
multinomial, so it is a mild upper bound; Example | confirms
it against Monte Carlo to four decimals.

The two-sample form (10) matters in practice: using 1/N
alone (topline treated as exact) is valid only when n >> N; oth-
erwise the floor is understated and skill reads pessimistically—
a correct engine is scored as deficient for failing to out-predict
the target’s own noise.

6.3 Skill, and a test of indistinguishability from
perfection

Anchoring between a zero-information reference dyyir,j =
D;(Unif, p;) and the floor,

dunit,j —D;(qY, p})

dunif,j - dﬂoor,j

By~ | OO
’ 0 ¢;(8)=Unif.

Kl —

)

Y

Replacing the point floor with a simulated null band—draw
B multinomial samples of size N from p;, compute D; for
each, read the interval [d5 s4,d97. 59, |—upgrades skill to a
hypothesis test: the engine is indistinguishable from perfect
exactly when the observed D; lands inside the band. This is a
parametric-bootstrap goodness-of-fit test (Read and Cressie,
1988): dfoor 1s the null mean of the discrepancy and the band
is its null sampling distribution, so “inside the band” is failing
to reject Hy: g; = p; at the 5% level. Because we resample
from the estimate p; rather than the unknown p;, the band
is a bootstrap approximation to the true null; drawing at the
paired sizes (N,n) rather than N alone reproduces the two-
sample floor (10). Example 1 shows the band detecting a
misspecification that the scalar skill score alone would soften.

7 Predicting from Many Instruments

The population P* is a single object, but it is probed by many
surveys .7 (... .#(M) each reporting its own marginals pﬁm)
One calibrated Qg must answer to all of them at once, and—for
prediction—to instruments held out of the fit entirely. Write

study m’s aggregate divergence as

"™y =Y Wij(CIj(e),ﬁﬂm))
jesm

There are two honest ways to combine the M objectives, and
the choice is not cosmetic—it fixes the accept/revert rule of
any calibration loop.

(A) Weighted expectation (scalarization).
6" = i D" (6). 12
arg min ;pm (6) (12)

One pooled number: smooth, easy to optimize, trading studies
off freely. But the minimum may sacrifice a study—push its
error up to buy a larger gain elsewhere—and the weights p,,
silently encode that tradeoff, with no guarantee any single
study ends up acceptable.

(B) Hard constraint / minimax.

find @ s.t. D" (0) <71, Vm,  or

_ 13
0" = argmein max [D<m)(6) — Tmh- ()

Every study must clear its own bar 7,,; none is sacrificed.
Crucially 71, is not arbitrary—the natural tolerance is study
m’s sampling floor (the null band of Section 6): “match each
survey to within its own sampling noise.” The price is that the
program can be infeasible—and that is informative.

The real nature of the choice. This is a multi-objective
(Pareto) problem: (A) selects one frontier point via p; (B)
selects the feasible corner. The decision encodes a belief:

* If the surveys are noisy views of one coherent population
and the model is well specified, they are jointly satisfi-
able near the floor = use the constraint form (13), and
read infeasibility as a misspecification alarm: no single
6 explains all instruments (house effects, wording/mode
effects, temporal drift, or a genuine violation of Assump-
tion 3.1). Two literatures make these causes estimable
rather than merely detectable: in psychometrics a channel
K; that depends on the instrument beyond 6 is differen-
tial item functioning, a failure of measurement invariance
(Holland and Wainer, 1993), while in survey and election
modelling a per-house additive bias is a house effect, stan-
dardly recovered with a random-effects or state-space pool-
ing model (Jackman, 2005)—either of which upgrades the
T,-infeasibility signal into an explicit nuisance parameter.

« If the surveys are not mutually commensurable (different
eras, instruments, houses), matching all of them exactly is
the wrong goal; a weighted expectation (12) with p,, set
by recency/trust is the honest bias—variance compromise.

Consequence for the calibration loop. The two forms are
two accept rules. A weighted-expectation objective accepts
any move that lowers the pooled sum, tolerating a regression in
one study; a constrained objective rejects any move that pushes
a study back above its band—exactly a per-study collateral
guard. Recommendation: default to the constrained / minimax
form (13) with 7, the per-study sampling floor—the bar is
principled (Proposition 6.1), no study is sacrificed, and infea-
sibility is a real signal; fall back to a soft weighted expectation
only for studies deliberately judged non-comparable.

Held-out instruments. The same machinery scores gen-
uine prediction. Fit 6 on M — 1 instruments, and ask whether
D™) () for the held-out study lands inside its null band. This
is the formal version of the credit criterion of Section 5: a syn-
thetic engine is predictively adequate for an instrument class



exactly when held-out studies from that class are matched to
within their own sampling noise. Evaluations that report only
correlations between predicted and observed effects across
studies (Ashokkumar et al., 2026) measure association on the
study axis; the per-study band test is stricter, asking distribu-
tional agreement study by study.

8 Identifiability: Why Synthetic Pre-
diction Is Hard

The map Q — (q1,...,q;) takes a rich distribution over Q to
a handful of low-dimensional projections. It is massively
many-to-one:

Proposition 8.1 (Non-identification from marginals). Match-
ing all fitted marginals does not determine the population:

qj(0)=q;(Q) Vj #= 0=0.

In particular, marginals identify neither the joint (4) nor the
mixing measure.

This is the same ill-posedness as tomography and decon-
volution: recover a density from its projections. The mixing-
measure version is the identifiability theory of mixtures (Te-
icher, 1963; Lindsay, 1995): a mixture over a latent is pinned
down only up to features its finitely many projections can
see. For exchangeable binary items the statement is sharp
—J items identify the mixing measure only through its first
J moments (Example 2)—and it degrades gracefully rather
than failing outright. Recovering a continuous mixing density
from noisy marginals is statistical deconvolution, with the no-
toriously slow logarithmic minimax rates of Fan (1991); yet
nonparametric identifiability is recoverable from enough con-
ditionally independent items via Kruskal’s theorem (Kruskal,
1977; Allman et al., 2009), which quantifies how many items
the structure of Assumption 3.1 needs. Three consequences
follow.

Partial identification. The data confine Q to a set, not a
point. The honest report is then a set, not a point estimate: the
identified set and its sampling uncertainty are the objects of
the partial-identification literature (Manski, 2003; Imbens and
Manski, 2004).

Regularization is mandatory. The low-dimensional latent
0, priors on P*, and Assumption 3.1 are what make the in-
verse problem tractable—they are modeling assumptions, not
free lunches. These are the three standard regularizers of an
ill-posed inverse problem: a rank/dimension cap (small d), a
prior on the mixing measure (Tikhonov/Bayes shrinkage), and
the local-independence constraint. In the applied population-
synthesis literature the same role is played by iterative propor-
tional fitting / raking to margins (Deming and Stephan, 1940)
and, when covariates are available, by multilevel regression
and poststratification (Gelman and Little, 1997; Park et al.,
2004), which is precisely a regularized reconstruction of a
population from its marginals.

Calibration can succeed while the joint fails. Matching
every marginal perfectly can still leave the joint (4)—the cross-
question structure—badly wrong. This is the formal reason
calibration is not prediction (Section 5) and why held-out
instruments (Section 7) are the only currency of predictive
credit: the unfitted directions of the identified set are exactly
where two calibration-equivalent engines part company.

9 Decomposing Prediction Error

Everything decomposes by the law of total variance applied
to each answer:

Var(R;) = Varp(E[R; | ©]) + Ep:[Var(R; | 0)]. (14)

between-individual:

within-individual:
who is in the population

response noise

A mismatch in g; vs p; is therefore attributable to one of two
things: the composition of the population (the measure P*
vs Qp) or the response mechanism (the channels k; vs K;).
These are the only two places error can live, and they require
different corrections: composition errors call for reweighting
or re-synthesis of Qg (the IPF/MRP toolbox of Section 8);
mechanism errors call for recalibrating the channels them-
selves.

Equation (14) is the variance-components decomposition
of classical test theory and generalizability theory (Cronbach
et al., 1972): the between-individual term is true-score vari-
ance and the within-individual term is measurement-error vari-
ance, whose ratio is the reliability. It cautions against the naive
fix of shrinking within-individual noise to zero—a determinis-
tic engine (K; = 8) drives the second term to 0 and overstates
between-individual spread, distorting exactly the composition
it is meant to recover. An LLM persona queried at temperature
zero is such an engine.

A diagnostic for effect-size inflation. The decomposition
speaks directly to current empirical findings. LLM-simulated
experiments predict treatment-effect directions well but sys-
tematically overestimate effect sizes (Ashokkumar et al., 2026).
A treatment effect is a between-condition contrast of means;
standardized, its denominator is the total variance (14). Infla-
tion must therefore come from an understated denominator
or an overstated numerator, and the two terms of (14) sepa-
rate the candidate mechanisms: response channels that are
too deterministic (within-individual variance collapsed—the
temperature-zero pathology above) shrink the denominator,
while a synthetic population that is too homogeneous in the
traits driving the outcome, or persona responses that caricature
the treatment contrast, inflate the numerator. Each cause im-
plies a different correction—raise response dispersion to match
test—retest reliability, re-synthesize composition against trait
margins, or damp the channels’ treatment sensitivity—and the
decomposition, computed question by question, says which is
operative. The scalar correlations reported in current evalua-
tions cannot make this distinction; that is the practical case for
evaluating synthetic engines distributionally (Section 6) rather
than by association alone.



10 Worked Examples

The formalism is stated in symbols; the following two ex-
amples instantiate its two load-bearing claims with explicit
numbers. All figures are computed exactly and cross-checked
against 2 x 10°-replicate Monte Carlo; the driver script
(population_formalism_examples.py) accompanies this
paper.

Example 1 (The floor, the skill statistic, and the null band).
Take a five-point Likert item with population marginal

= (0.10, 0.20, 0.40, 0.20, 0.10),

a synthetic run of N = 1000 cases, and a real topline from
n =800 respondents The zero-information anchor is dy,if =
Dryp(Unif, p) = 3 ¥ |0.2— p| = 0.200. The floors of Propo-
sition 6.1 are

ﬂoor ZZ\/ 21’( 1 l’t 00238
dyN N = LY 2pe(1-pe) (h+ 1)

c

=0.0358.

Monte-Carlo expectations of the total-variation discrepancy
reproduce both to four decimals (0.0238 and 0.0358), confirm-
ing the folded-normal approximation in (9). Note the honest
two-sample floor is 50% larger than the 1/N-only figure: with
n = 800 comparable to N = 1000, treating the topline as exact
would understate the floor and make a correct engine look
deficient. The simulated null band (two-sample, B = 2 x 10°)
s [0.0127,0.0665]. We compare a perfect engine, ¢ = p,
against a biased one with ¢ = (0.14, 0.24, 0.34, 0.18, 0.10):

Engine  Dryp E[sT(TIl] in band
Perfect 0.0358 1.00 95%
Biased 0.0872 0.69 17%

The perfect engine sits at the floor with unit skill and lands
inside the band exactly 95% of the time—by construction it is
indistinguishable from perfect. The biased engine, whose true
discrepancy from p is only Dyyp(g, p) = 0.080, still posts a
respectable skill of 0.69, yet lands inside the band just 17%
of the time: the hypothesis-test reading detects the misspecifi-
cation that the scalar skill score alone would soften. This is
the practical payoff of Section 6—report skill against the two-
sample floor (10), and gate acceptance on band membership
rather than on a skill threshold.

Example 2 (Marginals do not identify the mixing measure).
Let the latent be a success probability 7 € [0, 1] and let items be
conditionally i.i.d. Bernoulli(7) given 7—the exchangeable
binary case of Section 3. Every observable on k items is then
a moment of the mixing measure of order < k. Compare two

mixing measures:
(A) © ~ Beta(1,2), B)r=3wp. 3 T=0wp. ]

Both have first two moments E[n] = 1 and E[r’
hence identical between-individual variance Var(7) =

0.0556. Consequently they induce identical distributions on
any one or two items:

Plitem=1)=1%,  P(1,1)=}
P(0,0) = % P(exactly one) =
for both A and B. No amount of one- or two-item survey data—
marginals and pairwise cross-tabs—can tell them apart. They
part company only at the third moment: the probability that
three items all read 1 is E[z3] = 0.1000 under A but 0.0833
under B, a 17% relative gap. So a rich distributional feature is
left completely unconstrained by the lower-order observables,
and choosing between A and B is a modeling act, not an
inference—exactly the sense in which the regularization of
Section 8 (here, committing to the Beta family) is mandatory
rather than optional, and exactly the mechanism by which two
calibration-equivalent synthetic engines diverge on held-out
instruments.

11 Discussion and Conclusion

The foundational statement of this paper is compact. A pop-
ulation is a probability measure over latent individuals; each
individual is a family of parametric per-question response
kernels sharing a latent trait; a survey observes finite, noisy
mixtures (marginals) of those kernels; and building a synthetic
population is the ill-posed inverse problem of recovering a
measure over latents from its projections. Everything oper-
ational followed from taking that statement seriously: the
marginal-matching estimator (7), the sampling floor (9) and
its two-sample correction, the skill statistic and null-band
test, the constrained multi-instrument program (13), the non-
identification result of Proposition 8.1, and the two-source
error anatomy (14).

Recommendations for practice. For anyone predicting real
quantitative data with a synthetic engine—LLM personas or
otherwise—the framework reduces to five rules. Report skill
against the two-sample floor (10), not against zero error: a
finite target cannot be matched better than its own noise, and
floors computed with 1/N alone flatter no one—they under-
state the bar and read correct engines as deficient. Gate ac-
ceptance on null-band membership, not on a skill threshold:
Example | shows a meaningfully biased engine posting a re-
spectable skill of 0.69 while the band test rejects it 83% of the
time. Calibrate to many instruments with per-study constraints
(13) and treat infeasibility as a finding—the data are telling
you about house effects, mode effects, drift, or a broken inde-
pendence assumption—rather than as an optimizer failure to
be weighted away. Evaluate distributionally on held-out in-
struments, because Proposition 8.1 guarantees that calibration-
equivalent engines exist that disagree wherever you did not
look. And keep response channels stochastic: a temperature-
zero persona is a degenerate channel that collapses within-
individual variance and inflates every standardized contrast
downstream (14).



Relation to current evidence. The empirical state of the art

is encouraging and, we argue, under-analyzed. Correlations be-
tween LLM-predicted and observed treatment effects rivaling

pooled human forecasters (Ashokkumar et al., 2026) estab-
lish that synthetic populations carry real predictive signal; the

accompanying systematic overestimation of effect sizes is pre-
cisely the signature the decomposition of Section 9 anticipates,

and it is diagnosable—channel over-determinism versus com-
position homogeneity versus caricatured treatment sensitivity—
with the tools given here. Conversely, documented failures

of synthetic respondents on subpopulation structure (Bisbee

et al., 2024) are the joint-versus-marginal gap of Section 8

made empirical: engines calibrated on toplines were asked

cross-question, cross-group questions the marginals never con-
strained. Neither finding is anomalous; both are what the

formalism predicts.

Limitations. Three idealizations bound the scope. First, the
i.i.d. survey model: real designs are stratified, clustered, and
weighted, and while the design-effect correction of Section 2
handles the floor, a full treatment of informative nonresponse
is not attempted here. Second, Assumption 3.1: local indepen-
dence given a low-dimensional trait is a regularizing fiction,
and although Section 7 turns its failure into a detectable sig-
nal, the framework does not yet estimate richer dependence
(testlet effects, context effects, question-order effects) within
the calibration itself. Third, estimator theory: we positioned
(7) within minimum-distance and GMM estimation, but con-
sistency, asymptotic distribution, and efficiency under partial
identification—where the estimand is the identified set of Man-
ski (2003)—are stated by reference rather than derived, and
set-valued reporting with valid coverage (Imbens and Manski,
2004) remains to be worked out for this problem class.

Directions. The most immediate extensions are formal iden-
tifiability conditions for the trait model (how many items,
of what discrimination geometry, pin down Q to a given
resolution—KTruskal-type bounds (Kruskal, 1977; Allman
et al., 2009) specialized to survey batteries); channel fami-
lies richer than the three of Section 3, including open-ended
and behavioral outcomes; and joint estimation of instrument
nuisances (house effects, DIF) inside the constrained program,
so that infeasibility is not merely an alarm but the beginning
of an attribution.

The closing point is the one the field most needs stated
plainly. A synthetic population is not validated by fitting the
data it was built from; it is validated by matching instruments
it never saw, to within their own sampling noise, distribution
by distribution. Credit is earned on held-out instruments—
everything else is curve fitting with extra steps.
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